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1 Rationale for the Minimum Variance Objective

Standard Mean-Variance Optimization seeks to maximize the ex-ante Sharpe ratio via the Tangency
Portfolio, wrp o« X~ (u—rs1). However, Chopra and Ziemba (1993) demonstrate that estimation errors
in expected returns (u) degrade portfolio utility an order of magnitude more than errors in covariances.
Given the low signal-to-noise ratio of daily returns, estimating distinct means quickly leads to poor out
of sample performance. To mitigate this, we adopt a robust prior where all assets have identical expected

returns (u = ¢1). Under this assumption, the Tangency solution simplifies:
Wrp X 2_1(61) 0.8 2_11 = WagMV (1)

Thus, absent reliable directional forecasts, the objective of maximizing the Sharpe ratio mathematically
collapses to minimizing portfolio variance. We therefore focus exclusively on the robust estimation of $ to

maximize risk-adjusted returns by minimizing the denominator rather than speculating on the numerator.

2 Robust Covariance Estimation

In high-dimensional settings, the sample covariance matrix (S) is often ill-conditioned and prone to
significant estimation error. Standard shrinkage methods, such as those proposed by Ledoit and Wolf
(2004), mitigate this by pulling the sample covariance toward a structured, robust target (7'), such as

the identity matrix scaled by average variance. The classical linear shrinkage estimator is defined as:
X =0T+ (1-10)S (2)

where § € [0, 1] is a scalar shrinkage intensity. A primary limitation of this conventional approach is that
0 is uniform; it shrinks every element of the covariance matrix with the identical intensity, disregarding
the heterogeneous estimation uncertainty of specific covariance pairs or the time-varying dimensionality

of the investment universe.

2.1 Local History Weighting

To address the limitations of uniform shrinkage in the presence of varying data availability (e.g., recent
IPOs or irregular trading), we implement an observation-weighted shrinkage framework. Instead of a
fixed scalar, we apply element-wise shrinkage based on the quantity of overlapping data points, scaled by
a dynamic global confidence parameter.

We introduce an observation weight matrix .45, which penalizes covariance pairs with insufficient
history. Let N;; be the count of overlapping non-zero observations between assets ¢ and j. We define a
minimum history requirement N,,;, and a lower bound threshold N;,. The pairwise history weight w;;

is calculated via a linear ramp function:

0 if Nzg < Niow
Wij = W if Nlow < Nij < Nlow + Nmin (3)
1 1f Nij ZNlow+Nmin

This function ensures that when data is sparse (IV;; < Njoy), the weight on the sample covariance is zero,

forcing the estimator to default fully to the target prior.
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2.2 Global Dimensionality Adjustment

The maximum weight applied to the sample covariance is not static. It is determined dynamically by the
ratio of temporal observations (n) to the number of assets (p).

We define the dynamic sample confidence Acop ¢ as:
)\conf = min ( %7 )\max) (4)

This formulation aligns with principles from Random Matrix Theory: as the number of observations n
increases relative to the universe size p, estimation error decreases', and we permit a higher weight on S.
Conversely, in the p > n regime, Acons decreases, automatically forcing stronger shrinkage toward the
target. We cap the confidence at \,,q, to ensure regularization is never fully disabled?.

The final estimator for ¥ is expressed as:

S =T+ eons - Qovs) @ (S — T) (5)

where Qg5 = [w;;] and © denotes the Hadamard (element-wise) product. In this framework, pairs with
insufficient history are purely the target T', while pairs with robust history utilize the sample covariance

scaled by the current regime’s dimensionality confidence.

3 Construction and Constraints

The adjusted covariance matrix ¥ is used to construct the Minimum Variance Portfolio (MVP). We first

solve for the unconstrained optimal weight vector wy,yp:
Wmop = 2711 (6)

where 1 is a vector of ones. In rare cases where ¥ is singular, the Moore-Penrose pseudoinverse is utilized.
As a numerical stability safeguard, if the sum of the vector elements (1'z,.p) is non-positive (indicating
a collapsed or indefinite covariance structure), the portfolio defaults to an Equal Weight (EW) allocation.

Otherwise, the base weights are normalized:

w
Whase = Ler (7)

| KLV
To maintain economic plausibility and strictly control gross exposure, we impose a gross leverage con-
straint L,q... We calculate the gross leverage of the base portfolio as L =||wpgsell1. If L > Lpaz, the

weights are linearly shrunk toward the Equal Weight portfolio (wgw ) to satisfy the cap exactly:
W = QWpase + (1 — )wpw (8)

where the mixing coefficient « is derived as:

Lmaw_l
= A 9
a=—7— (9)

This formulation preserves the relative bets of the minimum variance solution wp,., while strictly bound-

ing the gross exposure to the defined limit (L,q4)-

IThe spectral distribution of the sample covariance stabilizes
2This almost ensures that 3 is positive definite, and in turn that $ remains well-conditioned
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4 Calibration and Robustness

The strategy relies on a set of hyperparameters governing the lookback windows, observation thresholds,
and portfolio constraints, detailed in Table 1.

The model configuration is designed to be as general as possible, avoiding overfitting through hy-
perparameter tuning. In our tests, the constraints (A,q. and Ly, ) were never binding, Hy,in and H,p,aq
are not special nor where they tuned, and neither was N,,;, or Ni,,. Changing these values does not
effect the performance of the portfolio much. The shrinkage formula Acon ¢ adapts dynamically based on
the signal-to-noise ratio W ; this is motivated by the Marchenko-Pastur law, which establishes that
the spectral spread of noise in a random matrix scales proportional to \/z%

We utilize the Scaled Identity matrix as the shrinkage target. Unlike more complex targets that
preserve asset-specific variances such as (Ledoit and Wolf, 2004), our target assumes variance homogeneity.
This further reduces estimation noise by simplifying the problem from estimating p distinct diagonal
variances to estimating a single global mean variance. By shrinking toward this diagonal structure, we
add regularization to the covariance matrix. This all but ensures positive definiteness and invertibility

in practice, despite the theoretical loss of guarantees due to element-wise weighting?.

Parameter Value Description Note

Target (T')  Identity Structure of target matrix T Average variance scaled
Hin 14 days Minimum history length Selection threshold
Hoax 252 days Maximum lookback window 1 year

Novin 42 days Full weight threshold 3 X Hpin

Niow 14 days Zero weight threshold 1 X Hpin

Acont min(\/77 , Amaz) Sample Confidence Dynamic limit on S
Anaz 0.8 Maximum Sample Confidence Constraint on Acons
Loz 3.0 Maximum Gross Leverage Constraint on ||w]|;

Table 1: Hyperparameter Configuration

Note: The target matrix 1" serves as a “naive” prior assuming zero correlation and homogeneous variance. This biases the
optimizer toward an equal-weighted allocation in the absence of sufficient data history.

Hppin is set to 14 days to minimize selection latency, allowing the strategy to incorporate new market entrants quickly.
Nmin (42 days) is set to triple the selection threshold to ensure an asset accumulates significant history before its sample
covariance fully impacts the portfolio. Ny, is set to 14 days to provide a smooth ramp-up for partial overlaps.

Acons adapts to the dimensionality of the available data. When the universe (p) is large relative to the history length
(n), the model automatically reduces confidence in the sample covariance to prevent overfitting. The cap at Amaz = 0.8
preserves a minimum 20% shrinkage intensity even in data-rich regimes. Note that with Hpmaz = 252, Acon never hits the
cap in large universes (e.g., p > 400), making the formula purely driven by the n/p ratio since Amaz is not binding.

The leverage in the US sample is never higher than 3 either, and 3 is never singular given the hyperparameter specification
in the table. Other hyperparameters do not change the results much, but setting lambda e.g. to a high constant, would
sometimes lead to 3 being singular and the portfolio being extreme before the safeguards. Thus these measures are added
to make the portfolio robust even in edge case scenarios, and are not binding the actual in-sample portfolio at any moment.
While the leverage constraint L,z = 3.0 and the singular matrix checks are rarely binding in standard market regimes

(such as this US sample, where they never where binding), they serve as critical safeguards.

3In the US sample, 3 was always invertible
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A Code Appendix

A.1 Project Repository

The python file (main.py) and weights file (weights.csv), is hosted on Google Drive:
Google Drive Repository Folder

A.2 Python Source Files (.py)

The python script below was used to produce the weights following the logic in the documentation above.

A.2.1 main.py

import pandas as pd
import numpy as np

def main(chars: pd.DataFrame, features: pd.DataFrame, daily_ret: pd.DataFrame) -> pd.
DataFrame:
nnn
Constructs a Minimum Variance Portfolio (MVP) using dynamic
Ledoit-Wolf-style shrinkage and leverage constraints.

Args:
chars: Stock characteristics (ctff_chars.parquet)
features: Computed features (ctff_features.parquet)
daily_ret: Historical daily returns (ctff_daily_ret.parquet)

Returns:

DataFrame with columns: id, eom, w
nnn

# --- Configuration Parameters ---
H_min = 14 # Minimum lookback for covariance estimation

H_max = 252 # Maximum lookback (1 trading year)

N_min = 42 # Scaling factor for pairwise observation confidence

N_low = 14 # Minimum overlap threshold for pairwise observations
#

lambda_max = 0.8 Upper bound for the shrinkage intensity

def mvp_weights(sigma, max_leverage=3.0):
nnn
Calculates weights for the Minimum Variance Portfolio.
Uses pseudoinverse as a fallback for singular matrices.
Includes a shrinkage-to-equal-weight mechanism to enforce leverage constraints.

n = sigma.shape [0]

ones = np.ones(n)

try:
# Efficiently solve for Sigma * x = 1 instead of explicit inversion
x = np.linalg.solve(sigma, ones)

except np.linalg.LinAlgError:
# Moore-Penrose pseudoinverse handles singular/ill-conditioned matrices

sigma_pinv = np.linalg.pinv(sigma)
x = np.dot(sigma_pinv, ones)
x_sum = np.sum(x)

# Handle edge case where the system yields a near-zero denominator
if x_sum < 1e-8:

ew = np.ones(n) / n

return ew

weights = x / x_sum
current_leverage = np.abs(weights) .sum()
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if current_leverage > max_leverage:

# Linear interpolation (shrinkage) between MVP and Equal Weight (EW)
# to satisfy the max_leverage constraint exactly.
alpha = (max_leverage - 1) / (current_leverage - 1)
ew = np.ones(n) / n
return alpha * weights + (1 - alpha) * ew
return weights
def identity_target (S):
nnn
Generates a target shrinkage matrix (T) using the Identity matrix
scaled by the average variance of assets.
vars_diag = np.diag(S)
avg_var = np.nanmean(vars_diag)
if np.isnan(avg_var):
avg_var = 1.0
return np.eye(S.shape[0]) * avg_var
def run_monthly_rebalance_dynamic(
data_wide: pd.DataFrame,
H_min: int,
H_max: int,
N_min: int,
N_low: int,
lambda_max: float,
target_func
) -> pd.DataFrame:
log_returns = np.loglp(data_wide)
rebalance_dates = data_wide.index[H_min:].to_series().resample(’ME’) .max ()
results = []
for date in rebalance_dates:
# --- Data Slicing & Filtering ---
current_idx = data_wide.index.get_loc(date)
hist_data = log_returns.iloc[max(0, current_idx - H_max): current_idx]

if len(hist_data) < H_min:
continue

hist_data.count ()
valid_counts[valid_counts >= H_min].index

valid_counts
valid_stocks

if len(valid_stocks) < 2:
continue

sub_returns = hist_datal[valid_stocks].copy()

# --- Data Cleaning ---

# Remove stale price sequences (consecutive zeros) which bias volatility

downwards
is_zero = abs(sub_returns) < le-8

is_streak = (is_zero & is_zero.shift(1)) | (is_zero & is_zero.shift(-1))

sub_returns [is_streak] = np.nan

# --- Dynamic Shrinkage Intensity (lambda) ---
n_obs, p_vars = sub_returns.shape
lambda_conf = min(np.sqrt(n_obs / p_vars), lambda_max)

# --- Observation Weighting Matrix ---

mask = (abs(sub_returns) > 1e-8).astype(int)
count_matrix = mask.T @ mask

obs_weight = ((count_matrix - N_low) / N_min).clip(0, 1)
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120 # --- Covariance Estimation ---
121 # Compute Sample (S) and Target (T) matrices (monthly horizon)
122 sub_returns = sub_returns.fillna(sub_returns.mean())
S = sub_returns.cov().values * 21

NN

T = target_func(S)

[
I* Y

# Fallbacks for NaNs in Target or Sample
7 if np.isnan(T).any():
avg_var = np.nanmean(np.diag(S)) if not np.all(np.isnan(np.diag(S))) else

[
NN

®

129 T = np.where(np.isnan(T), np.eye(len(valid_stocks)) * avg_var, T)

130 if np.isnan(S).any():

131 S = np.where(np.isnan(S), T, S)

132

133 # --- Shrink Covariance Matrix ---

134 eff_weight = lambda_conf * obs_weight

135 Sigma_shrinked = T + eff_weight * (S - T)

136

137 # --- Calculate MVP weights ---

138 try:

139 w = mvp_weights(Sigma_shrinked)

140 except np.linalg.LinAlgError:

141 print (f"\rError on {date.date()}: Fallback to equal weights")

142 w = np.ones(len(valid_stocks)) / len(valid_stocks)

143

144 # Store results

145 results.append(pd.DataFrame ({

146 ’eom’: date,

147 ’id’: valid_stocks,

148 ‘wliow

149 )

150

151 print (f"\rRebalanced {date.date()}: {len(valid_stocks)} stocks (Lambda: {
lambda_conf:.2f})", end="")

153 df _weights = pd.concat(results, ignore_index=True) if results else pd.DataFrame (
columns=[’eom’, ’id’, ’w’])

154 return df_weights

155

156 # --- Pre-processing & Execution ---

157 daily_ret["ret_exc"] = daily_ret["ret_exc"].clip(lower=-0.9999)

158 daily_ret_wide = daily_ret.pivot(index="date", columns="id", values="ret_exc").

sort_index ()
159 daily_ret_wide.index = pd.to_datetime(daily_ret_wide.index)

161 pf_weights = run_monthly_rebalance_dynamic(

162 daily_ret_wide,

163 H_min=H_min,

164 H_max=H_max,

165 N_min=N_min,

166 N_low=N_low,

167 lambda_max=lambda_max,

168 target_func=identity_target,

169 )

170 # Post-processing for submission format

171 pf_weights[’eom’] = pd.to_datetime(pf_weights[’eom’]) + pd.offsets.MonthEnd (0)
172 pf_weights[’id’] = pf_weights[’id’].astype(int)
173 pf_weights[’w’] = pf_weights[’w’].astype(float)
174 return pf_weights[[’id’, ’eom’, ’w’]]

Listing 1: main.py
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